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Fig. 3 Impact point dispersion at 3-km range.

variables with a mean of zero and standard deviation of 3 rad/s. A
sample size of 50 simulations was used in computing impact point
dispersion statistics. Figures 2 and 3 show the Monte Carlo simula-
tion impact points for the baseline rigid and gimbal nose projectile
con� gurationsat a range of 1 and 3 km, respectively.In both charts,
the circles correspond to a region such that 66% of the shot impacts
fall within the circle.The largedashedcircle correspondsto the rigid
projectile whereas the small solid circle corresponds to the gimbal
nose con� guration. The dispersion circle radii for the rigid projec-
tile at 1 and 3 km is 1.1 and 3.3 m whereas the dispersion circle
radii for the gimbal nose projectile at 1 and 3 km is 0.5 and 1.4 m,
respectively.Notice that the mean impact point of the two projectile
con� gurations is different. The ratio of the dispersion circle radius
for the gimbal nose to rigid projectile con� guration is 0.43 and is
independent of range. Thus, for the example penetrator projectile
equippedwith a gimbal nose, dispersionat any rangecan be reduced
by a factor of 0.43.

Conclusions
A penetrator projectile equipped with a gimbal nose wind screen

has the potential to reduce impact point dispersion drastically. By
the mounting of the gimbal joint forward of the nose aerodynamic
center, the nose tends to turn into the wind and reduces the sensi-
tivity of the trajectory to launch disturbances. In the example case
considered,impact point dispersionwas reducedby more than 50%.
The mean impact point of the rigid and gimbal nose projectile con-
� gurationsare different,which will require � re control system logic
to be modi� ed depending on the particular projectile con� guration
being launched.
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Introduction

A BAND-LIMITED actuator/sensor selection methodology for
disturbance rejection was previouslydeveloped.1 Unlike prior

methods,which emphasizeddisturbancerejectionin selectingtrans-
ducers that couplebest to modes presentin the performancepath,2 ¡ 6

the methodology proposed by Clark and Cox1 serves to further im-
pose a penalty on the selection of transducer pairs that couple well
to modes beyond the identi� ed bandwidth of interest, creating a
“natural” roll off in the frequencyresponse from the selected spatial
aperturesof the transducers.In a more recent publicationSmith and
Clark4 proposeda modi� cation to the performancemetric identi� ed
byClarkandCox, providinga mechanismfor selectivelyidentifying
modes to be controlled and modes to be ignored. Transducer pairs
are chosen from a predeterminedset based upon their selectivecou-
pling to identi� ed modes for performance and lack of coupling to
all other modes included in the model.

All of thesedesign approachesare derivedfrom the originalwork
used in selecting actuator and sensor locations from a predeter-
mined set of candidate locations based upon the Hankel singular
values of the controllability and observabilityGramians of � exible
structures.7,8 Within the original formulation, the actuator/sensor
selection methodologywas based entirelyupon the Hankel singular
values of the control path Pyu for some � nite set of modes and some
predeterminedset of actuatorsand sensors.7,8 Later revisions to this
method have included a weighting of the Hankel singular values of
the control path Pyu by that of the Hankel singularvalues of the per-
formance path Pzw (Refs. 2 and 3). In the most recent extensionsthe
actuator/sensor selection methodology based upon the disturbance
rejection approach was modi� ed with an additionalmetric aimed at
robustness with respect to modes not targeted in the performance
metric.1,4

A method of rank-ordering transducer pairs for control results
from all of the design approachesis described.1 ¡ 8 Although the per-
formance metrics allow the designer to select the best single-input,
single-output(SISO) transducerpair from the predetermined target
set, if more than one transducerpair is desired a multi-input, multi-
output (MIMO) metric must be applied. The purpose of this Note
is to introduce the MIMO design procedure and distinguish it from
the SISO design approach. As will be demonstrated by example,
one cannot simply select the rank-ordered SISO transducer pairs
for the MIMO application when both in-bandwidth coupling and
out-of-bandwidthroll off are part of the performance metric.

MIMO Band-Limited Placement Metric
for Disturbance Rejection

For convenience the design problem can be cast in the standard
two-portmodel as shown in Fig. 1. The upper transfermatrix Pzw (s)
represents the path from disturbancesw (s) to a measure of the sys-
tem performance z(s). This path is determined by the de� nition of

Received 27 December 1999; revision received 5 June 2000; accepted for
publication8 June 2000.Copyright c° 2000 by Robert L. Clark and David E.
Cox. Published by the American Institute of Aeronautics and Astronautics,
Inc., with permission.

¤ Professor, Department of Mechanical Engineering and Materials Sci-
ence, Box 90300. Member AIAA.

†Research Scientist.



904 J. GUIDANCE, VOL. 23, NO. 5: ENGINEERING NOTES

Fig. 1 Block diagram of the two-port design model.

the active control problem, with tradeoffs that re� ect available re-
sources(e.g., controlenergy) or robustnessrequirements.The lower
transfer matrix Pyu (s) represents the path from the control inputs
u(s) to the measured outputs y(s) and is a function of the choice
and placement of actuators and sensors respectively for the control
system. Although usually taken as a given in control system design,
often there is freedom determining sensor and actuator locations,
yielding a design decision that impacts the resulting compensator
design and closed-loop performance. Good placement for control
design can be determined from the in� uence of transducers on the
open-loop system’s controllability and observability, measured in
terms of the Hankel singular values.

Smith and Clark4 introduceda performancemetric used to deter-
mine the relative merit of the qth sensor and pth actuator:

Jqp = J c
qp J nc

qp (1)

where

J c
qp =

n

i = 1

N i

c 4
yq u p i

¯c 4
yui

c 4
zw i (2)

and

J nc
qp =

n

i = 1

» N i

c 4
yq u p i

¯c 4
yui

c 4
yq u pi (3)

As detailed by Smith and Clark,4 J c
qp is the portion of the perfor-

mance metric associated with the modes to be controlled, and J nc
qp

is the portion of the performancemetric associated with the modes
not to be controlled. c 4

yq u p i represents an estimate of the square of
the Hankel singular value corresponding to the q th sensor, pth ac-
tuator, and i th mode, ¯c 4

yui represents an estimate of the square of
the Hankel singularvalue over all possible sensors and actuators for
the i th mode, and c 4

zw i represents an estimate of the square of the
Hankel singular value over all disturbance inputs and performance
outputs for the i th mode. Details of the numerical estimation were
provided by Lim and Gawronski,7,8 and the estimation is restricted
to systems with lightly damped modes. N is a binary vector, and
N i = 1 if the mode is targeted for control and 0 if not. Note that
» represents the binary not operator. As such, modes that were tar-
geted for control in J c

qp are now eliminated from the metric J nc
qp used

to impose roll off and minimize coupling to modes not required for
performance. Dividing J c

qp by J nc
qp provides a relative measure of

coupling to modes for performance against coupling to modes not
desired in the control path. An ideal case would result in an ac-
tuator/sensor pair that coupled only to select modes. However, the
typical result is a compromise.

A numericalvalueis computedforeachactuator/sensorpairbased
upon the metric of Eq. (1), and the transducerpair with the highest
metric is chosen for control system implementation. However, if
more than one pair are required, one must either choose the two
pairs with the higher values of the performance metric, a SISO
design selectionstrategy,or developa MIMO strategy.The problem
with selecting the best SISO designs for MIMO application is that
the cross terms in the system transfer matrix between control inputs
and measured outputs for the MIMO system do not enter into the
selection process. For example, if

Pyu =
Pyq u p Pyq us

Pyr u p Pyr us

the off-diagonal terms do not enter into the selection metric.

For a system with R candidate sensor locations and M candidate
actuator locations, the optimal placement metric is

J SISO
opt = max

q , p
( Jqp )

q 2 {1, 2, . . . , R}, p 2 {1, 2, . . . , M} (4)

and thevaluesofq and p at thismaximumidentifythecorresponding
optimalsensorand actuatorlocations.However, in theMIMO case it
is not suf� cient to iterateonceoverall sensorsandactuatorlocations.
The total number of unique choices that can de� ne a single system
with r sensorsand m actuatorsis the productof the possibleactuator
combinations and sensor combinations and goes as

Ntotal = Cr £ Cm =
R!

r!(R ¡ r )!
£

M!
m!(M ¡ m)!

(5)

which reduces to a search space of Ntotal = R £ M in the SISO case.
The placement metric for the MIMO case must consider contribu-
tions for all paths within an actuator/sensor set,

Jn =
m

i = 1

r

j = 1

Jq j pi

q̄ 2 1 , 2, . . . , Cr , p̄ 2 1 , 2 , . . . , Cm (6)

where the elements (¢ ) and (¢ ) are themselves sets that contain
unique collections of m actuators and r sensors, respectively. The
MIMO optimum is simply

J MIMO
opt = max

n
(Jn ), n 2 {1, 2, . . . , Ntotal} (7)

which also reduces to the SISO case. However, simply taking the
top r sensorand m actuator locations from the SISO metric Jqp does
notprovide the same result, as it ignorescross terms from the double
sum of Eq. (6).

Ntotal grows in a combinatorialfashionwith the numberof sensors
and actuators.For more than a few transducersit becomes infeasible
to � nd themaximumwith a simpleexhaustivesearch,and techniques
for nonsmooth optimization9 would be required to � nd an optimal,
or near-optimal, choice. Here we focus on a small two-input two-
output (TITO) problem and compare performance for the MIMO
optimal transducer locations with the top two locations selected
using the SISO metric.

Description of the Structural Model
In preparationfor the designof an adaptivestructurefor controlof

turbulent boundary-layernoise, the actuator/sensor design method-
ologywas applied to an approximatemodelof a system to determine
the best target locations for the transducers. The test rig was con-
structed from aluminum and measured 0.508 £ 0.254 £ 0.0016 m
thick.The boundarieswere constructedto approximatethatof a plate
with clamped boundaries, and piezoceramic transducersmeasuring
0.1524 £ 0.1016 £ 0.0002 m thick were available for experimental
implementation. In a previous study9 transducers with large aper-
tures were shown to providedesirable spatialwave-number� ltering
for control of low-frequency, long-wavelength,structural modes.

The model of the piezostructurewas developed from an assumed
modes approachas outlinedby Clark et al.10 The model included60
states for the structural system, and there were 20 target locations
for piezoceramic sensors (center points indicated by star symbols
in Fig. 2) and 20 target locations for piezoceramicactuators (center
points indicated by triangle symbols in Fig. 2). The schematic dia-
gram of the plate and transducer center point locations is illustrated
in nondimensionalcoordinates in Fig. 2. Based upon the target sen-
sor and actuator locations, there are 400 unique SISO transducer
pair options for design. In this example we choose to determine the
best TITO array of transducers for control of the � rst, second, and
third modes of the structure (i.e., N 1,2,3 = 1). A generalized distur-
bance capable of exciting all structural modes was created, and the
performance was based upon the modal displacements associated
with the � rst, second, and third structural modes.
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Fig. 2 Schematic diagram of plate with target actuator (triangles) and
sensor (stars) center point locations.

Fig. 3 Graphical presentation of performance metric evaluated for all
target actuator/sensor locations.

a) Best 2 SISO designs

b) Best TITO design

Fig. 4 Schematic diagram of actuator and sensor locationsbased upon
SISO and MIMO design metrics.

Results
The selection metric of Eq. (1) was used to rank order the SISO

transducer options. The results are depicted graphically in Fig. 3.
As illustrated, there are relatively few transducer pairs that satisfy
both the level of coupling to the modes speci� ed in the bandwidth
as well as the desired level of decoupling or roll off imposed out
of bandwidth. The top two SISO transducer pairs are illustrated in
Fig. 4a. Implementing the MIMO design metric outlined in Eq. (7),
the best TITO transducerpairswere chosenfromall possiblecombi-
nations of SISO pairs. As illustrated in Fig. 4b, the resulting design
is different. Although the top SISO transducer pair was common to
both designs, the secondary set of transducerswas different.

Fig. 5 Frequency response of MIMO systems resulting from the SISO
design metric and the MIMO design metric.

The best way to compare the resulting designs is to quantify the
maximum singular values of each design based upon the best two
SISO designs illustrated in Fig. 4a and the best TITO design il-
lustrated in Fig. 4b. The frequency response associated with the
maximum singular values for each system (from control inputs to
measured outputs Pyu ) is presented in Fig. 5. The vertical lines are
shown to indicate the modes targeted for control. In the bandwidth
beyond these targeted modes, roll off or lack of coupling to higher
order modes is desired. The solid line in Fig. 5 represents the fre-
quency response associatedwith the system resulting from the best
two SISO designs, and the dashed line represents the frequency
response associated with the system resulting from the best TITO
design.As illustrated,the best TITO designyieldsbetter couplingto
the second structuralmode (approximately10 dB) and signi� cantly
less coupling to higher order modes than the system based upon the
best two SISO designs. As a result, the MIMO design metric is ob-
viously important if the objectiveis to maximize coupling to desired
modes and minimize couplingto othermodes in all transducerpaths.

Conclusions
A MIMO band-limitedactuator/sensorselectionmethodologyfor

disturbance rejection was outlined. A structural design model was
considered to compare the MIMO design strategy to a design strat-
egy based upon selecting the best SISO transducer pairs. The re-
sults demonstrate that the performance metric is maximized for the
MIMO system when all of the multivariablepaths are consideredin
the design. As a result, the SISO transducer pairs having the high-
est performance metric will not necessarily correspond to the best
MIMO transducer array. The design approach presented serves to
extend the transducer selection methodology for crude multivari-
able loop shaping, enabling the structural engineer to better design
a structure to be controlled.
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Introduction

S EVERAL of the spacecraft in use today are spin-stabilizedand
are thus equipped with some form of nutation control system.

Spacecraftnutationcontrol devicescan be active or passive.Passive
nutationdampingsystems limit spacecraftnutationthroughonboard
energy dissipation, and the design of such systems is based, for the
most part, on well-establishedattitude stability criteria for spinning
bodies.1,2 When disturbedslightly from its positionof stable spin, a
spacecraftwith internalenergydissipationwill, in general, regain its
original orientationfaster than one without energy dissipation.This
fact has led to the designof severalpassivedevices that are triggered
into dissipating energy onboard of a spacecraft anytime that the
spacecraft attitude motion is disturbed.Such devices have included
simple mass-spring-dashpot systems, damped physical pendulum,
viscous � uid in ring-shaped tubes, etc.3 ¡ 5

Spacecraft systems often include several rod-like appendages or
booms attached to the main spacecraft bus, which serve various
purposes during the vehicle’s mission. In this study it is proposed
to use two such booms on a given spacecraft for nutation control
purposes. The idea is to replace the usual rigid attachment of such
booms to the bus,with a one-degree-of-freedom hinge, togetherwith
a torsionalspringand damper system.This effectivelyconvertseach
boom into a pendulousdamper for the spacecraft.Such arrangement
differs markedly from the usual design of pendulous dampers in
that the mass center of each boom would be outboard of the pivot
point and the length would substantially exceed that of traditional
pendulum dampers.

Motivation for this work comes from experiencewith the Galileo
spacecraft,6,7 where one such boom—its magnetometer boom—
was used successfully as pendulous damper8 to control spacecraft
nutation. One area of concern for Galileo’s single-boom damper
design is stiction because of the small boom motions that are to
be expected from such a damper design. Another is the possible
deleteriouseffect of the dynamic imbalance that can result from the
combinationof spacecraft spin motions and boom de� ection during
thrusting,a phenomenonoften referred to in the literatureas wobble
ampli� cation.9 In the case of Galileo, requirementson stictionwere
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met without dif� culty; however, wobble ampli� cation was thought
to pose enough danger to warrant the inclusion of a wobble control
algorithm7 in the attitude and articulation control subsystem.

The objective of this work is to explore the possibility of using
more than one long pendulousboom as nutationdamping device for
spinning spacecraft.Speci� cally, we wish to study the effectiveness
of using two identical pendulous booms arranged symmetrically
with respect to the spacecraft’s main bus as shown schematically in
Fig. 1. There are two main potentially advantageous features of the
proposeddesign.First, the symmetryof the arrangementeliminates,
or at least drasticallyreduces, the imbalanceor wobbleampli� cation
problem. The design also introduces some degree of redundancy in
the nutation control system.

Equations of Attitude Motion
The physical system of interest is shown schematically in a gen-

eral con� guration in Fig. 1. A is the spacecraft’s main bus, and B
and C are booms that are connected to A through one-degree-of-
freedomhinges.Stiffnessand damping at the hinges are represented
by the torsional spring and damper systems shown. Assuming that
1) A, B, and C are all rigid bodies; 2) A is uniform, homogeneous,
and axisymmetric,with mass center at A ¤ ; 3) B and C are identical,
uniform, and homogeneous, with mass centers at B ¤ and C ¤ , re-
spectively;theequationsof attitudemotionof the systemare derived
usingthe symbolmanipulatorsoftwareAUTOLEV.10 The samesoft-
ware is also used to linearize these equations about the solution of
pure spin, that is, a motion in which A spins about the zz 0 axis, and
b = h = 0. The resulting equations are

IA + 2I + 4m A P2 Z 2 + 2m[(L + Y )2 + Z 2(2P ¡ 1)2] Çu1

+ [I + m L(L + Y )]( Çu4 + Çu5) = X IA + 2J + 4m A P2 Z 2

¡ 2I ¡ JA ¡ 2m[(L + Y )2 ¡ Z2(2P ¡ 1)2] u2

+ X 2[J ¡ I ¡ m L(L + Y )]( b + h ) (1)

IA + 2J + 4m A P2 Z2 + 2m Z 2(2P ¡ 1)2 Çu2

= ¡ X IA ¡ JA + 4m A P2 Z 2 + 2m Z 2(2P ¡ 1)2 u1

¡ J X (u4 + u5 ) (2)

[I + m L(L + Y )] Çu1 + I ¡ m A L2 P2 + m L2(1 ¡ 2P2 ) Çu4

+ m L2 P Çu5 = X [J ¡ I ¡ mL(L + Y )]u2 ¡ r u4

¡ {K + X 2[I ¡ J + mL(L + Y )]}b (3)

[I + m L(L + Y )] Çu1 + mL2 P Çu4 + I ¡ m A L2 P2

+ m L2(1 ¡ 2P2) Çu5 = X [J ¡ I ¡ m L(L + Y )]u2

¡ r u5 ¡ {K + X 2[I ¡ J ¡ mL(L + Y )]}h (4)

and

Çu3 = 0 or u3 = X = const (5)

where, in addition to the quantities shown in Fig. 1, IA and JA are,
respectively, the transverse and spin central moments of inertia of
A; I , and J are the corresponding inertia scalars for B or C ; m A is
the mass of A; m is the mass of B or C ; X is the constant spin rate
of A under pure spin condition; and

P = m / (m A + 2m) (6)

Furthermore,thegeneralizedspeedsui (i = 1, 2, 3) are the a1 , a2 , a3

scalar components of the inertial angular velocity of A, and u4 and
u5 represent the respectiveangular speeds of B and C relative to the
main body A. The precedinglinearizeddynamical equationscan be
supplemented with the kinematical differential equations

Çb = u4 , Çh = u5 (7)

The stability of the pure spin solution can be studied through eigen-
value analysis and leads straightforwardly to the determination of
the time constant of the damper system.


